Elementary cellular automaton (ECA) rules 9 and 74, members of Chua's Bernoulli shift rules and Wolfram's class 2, can generate a host of gliders and complicated glider collisions by introducing the hybrid mechanism. These gliders and collisions are more plentiful than those generated by ECA rule 110. This paper presents a discussion of the symbolic dynamics of the gliders in hybrid cellular automaton (HCA) rules�9 and 74. Moreover, with regard to HCA rules that are composed of more than a couple of ECA rules, three other HCA rules endowed with gliders and glider collisions are discussed. Introduction 1.
Introduction

1.
Cellular automata (CAs) are a class of spatially and temporally discrete dynamical systems characterized by local interactions [1] . As part of a significant renewal of interest in CAs, Stephen Wolfram introduced spatiotemporal representations of one-dimensional CAs and informally classified them into four classes by using dynamical concepts such as periodicity, stability, chaos, and complexity [2] [3] [4] . Based on previous work, L. O. Chua et al. provided a nonlinear dynamics perspective to Wolfram's empirical observations and grouped elementary cellular automata (ECAs) into six classes depending on the quantitative analysis of the orbits [5] [6] [7] [8] [9] . These six classes are established as period-1, period-2, period-3, Bernoulli σ τ -shift, complex Bernoulli-shift, and hyper Bernoulli-shift rules. It is worth mentioning that some of their work is consistent with previous related studies. Specially, a kind of comparison of Wolfram's and Chua's classifications is explored in [10] .
Among numerous local rules of CAs, the ones exhibiting plentiful gliders and glider guns have received special attention. They display complex behaviors via the interactions of gliders from random initial conditions and have the potential to emulate universal Turing machines. Gliders in one-dimensional CAs are localized structures of nonquiescent and non-ether patterns (ether represents a periodic background) translating along the automaton's lattice. In 1991, Boccara et�al. produced a list of gliders and discussed the existence of glider guns [11] . Subsequently, Hanson and Crutchfield applied finite-state machine-language representation to study defect dynamics in onedimensional CAs and derived motion equations of filtered gliders [12] . Martin designed an algebraic group to represent collisions between basic gliders [13] . Shortly thereafter, Wolfram investigated glider collisions with long periods and derived several filters for detecting gliders and defects [14] . There are many more results concerning gliders; see [15] [16] [17] [18] [19] and references therein.
Notably, elementary cellular automaton (ECA) rule 110 in Wolfram's system of identification has captured special attention, due to the existence of a great variety of gliders in its evolution space. It is worth mentioning that Cook proved that ECA rule 110 is universal via simulating a cyclic tag system [20] . In their study of unconventional computation, Martínez et al. highlighted the dynamical characteristics of gliders in ECA rules 110 and 54 [21] [22] [23] [24] . However, as gliders in ECA rule 54 are less complicated than those in ECA rule 110, so far no literature has proven that rule 54 is universal.
In the case of one-dimensional CAs, when the evolution of every single cell is only dependent on the unique global function, the CA is called uniform; otherwise, it is called a hybrid, that is, a hybrid cellular automaton (HCA). Denoted by HCA(N, M), the HCA rule is composed of ECA rules N and M. The HCA rule is specified to obey ECA rule N at odd sites of the cell array and rule M at even sites of the cell array [25, 26] . Although the simple rules of an HCA act on the same square tile structures, the evolution of an HCA may exhibit plentiful dynamical behaviors through local interactions. Several spatiotemporal patterns of HCA rules are presented in Appendix�A. Based on a large amount of computer simulations and empirical observations, we find that HCA9, 74 can generate rich gliders that are more complicated than those in ECA rules 110 or 54. In order to gain further insights into the rich dynamics generated by HCA9, 74, we present a systematic analysis of computational glider behaviors in this section. By designing a single filter (setting a different gray value of ether), the gliders are easy to distinguish from each other. An example of a spatiotemporal pattern generated by HCA9, 74 from disordered initial states is illustrated in Figure 1 . It is noted that all patterns in this paper are studied under the periodic boundary condition. A pair of types-original glider and composite glider-are classified and coded depending on different shift velocities and volumes. Each glider is evolved under the uniform background of ether. As the background is a regular patchwork of the minimum component element, we call this element an ether unit. In HCA9, 74, the ether unit�is For convenience, the shift feature of the ether unit is displayed in Table 1 . There are only two cells "01" in the sixth row of the ether unit. In the process of ether matching, the remaining two cells are filled by the first row of the adjacent ether unit. The whole background can be obtained by splicing this ether unit repeatedly without any gap or overlap. Because of the hybrid mechanism, it is necessary to note that the first column of the ether unit begins with the odd sites. 
Classification and Codings of Gliders 2.1
Besides the ether unit, the shift configurations without arbitrary combination of diverse gliders are called original gliders (OGs). The OGs are the independent gliders that cannot be decomposed into some smaller ones. However, if two different OGs have the same shift velocity, they will probably be assembled together, and there are no ether units between the two. These shift configurations are explicitly considered as new gliders-double composite gliders (DCGs). In a survey of spatiotemporal patterns of HCA9, 74, 22 OGs and 22 DCGs that have occurred frequently are recorded as different codings. Table 1 presents their properties and Figure 2 illustrates their spatiotemporal patterns. For Table 1 , columns 1 and 4 show the labels of gliders, columns 2 and 5 show the shift features of gliders, and columns 3 and 6 indicate maximal and minimal sizes of gliders. For any given glider, the velocity is calculated from its shift number divided by its period. The plus sign denotes that the glider shifts to the right and the minus sign denotes that the glider shifts to the left. However, if a glider is composed of two or more of the same OGs, it is not regarded as a new composite glider. As an example, the gliders aa, bbb, cc, gg, ff, jj, … are recognized as simple superposition of the original gliders a, b, c, g, f, j, …. Likewise, if OGs and DCGs have the same shift velocity, they also may be combined together with-out being divided by an ether unit. These shift configurations are regarded as new gliders-multiple composite gliders (MCGs). More specifically, the properties of several MCGs are listed in Table 2 , where column 1 shows the labels of the gliders and column 2 shows the composition formulas of different gliders. Since the evolution of HCA9, 74 is of high complexity and the collisions of different gliders can spark off new gliders, not all gliders are enumerated here. In this subsection, for the purpose of exploiting the mathematical definition of collisions between two OGs in HCA9, 74, we perform an analysis of the collision formula via a one-dimensional string and introduce the ether factor and glider factor, which are denoted by E and [ξ], respectively. Here, ξ is a concrete glider label. First, the ether factor is E  0, 0, 1, 1, 0, 1, 1, 1, 0, 1, 0, 1, 0, 0, 0, 0, 0, 1, 1, 0, 1, 1, which means arranging the cell states of all the rows of the ether unit in an orderly fashion. The ether factor E is determined by the shift characteristic and width of the ether unit. Then, the glider factor [ξ] is introduced, which stands for a row of cell states of the glider ξ under the background of the ether. If the glider ξ has the period M, it has M different glider factors. For example, as the glider a is endowed with the period 6 according to For convenience, we only select a fixed glider factor for each OG (the strings are presented in Appendix B), and it has no effect on the observations of complex collisions concerning two OGs in this subsection. Thus, the collision results depend on the number of E between two OGs. Let Q denote this period's value. Each collision formula is introduced as [ξ] ⋃ QN + I E ⋃ [η] → the result, where QN + I is the number of ether factor E between two gliders, N is a natural number, and I  1, 2, …Q. For example, for collision f ↔ e, we have Q  2, and the collision formulas are f ⋃ 2N + 1E ⋃
[e] → e, f and f ⋃ 2N + 2E ⋃ [e] → l. Subsequently, the following five observations are obtained from the computer simulation.
Observations
2.2.1
When the gliders have colossal periods and widths, their collision results are intricate, such as OGs j, l, m, n, p 2 , q.
1.
All gliders can be generated by collisions. 2.
For the collisions of two OGs, the phenomenon of "long reaction process" is discovered. Usually a host of gliders can be generated after a long reaction process.
3.
In the collision courses of certain OGs, the phenomenon of "swerve" is discovered.
4.
One gun and a series of solitons are discovered by collisions. 5.
These observations are described in detail as follows:
For instance, the collision results concerning glider j and other OGs are quite intricate. Collision j ↔ a has seven cases. Collision j ↔ b has seven cases. Collision j ↔ c has one case. Collision j ↔ d has 10 cases. Collision j ↔ e has 14 cases. Collision j ↔ h has 14 cases. Collision j ↔ i has one case. Collision j ↔ i 2 has one case. Collision j ↔ k has three cases. Collision j ↔ l has more than 15 cases. Collision j ↔ m has more than 11 cases. Collision j ↔ n has more than 11 cases. Collision j ↔ o has 12 cases. Collision j ↔ p has eight cases. Collision j ↔ q has five cases.
1.
The OGs can be generated through the collisions by themselves. As different collisions may produce the same or similar results, only one case is illustrated in Table 3 . Since the DCGs and MCGs are assembled together by the OGs of the same velocity, it is conceivable that the collisions produce the whole gliders. To some extent, all gliders in HCA(9, 74) constitute a closed set in the sense of mutual collisions. Table 3 . All OGs can be generated by collisions.
2.
Glider Collisions in Hybrid Cellular Automaton Rules
OGs Collision Formulas
By systematically analyzing the spatiotemporal patterns of collisions, a majority of OGs are endowed with long reaction process. Nonetheless, the collisions lead to a regular bifurcation rather than evolve to an unordered state.
3.
The swerve means that some idiographic reaction configuration converges toward the left suddenly and forms the corresponding gliders. Roughly speaking, we believe the phenomenon occurs because of an interaction effect between the hybrid mechanism and the shift characteristic of the ether. For the visualization of swerve, the Figure 4 .
4. Figure 5 presents the gun and solitons. In particular, the gun is obtained by the collisions:
→ {gun}, and so on. A series of solitons is ob- 
Symbolic Dynamics of Gliders 2.3
In the bi-infinite symbolic string space, some in-depth studies of the symbolic dynamics of gliders are carried out in the following. First and foremost, certain terminology and notations are the necessary prerequisite to the rigorous consideration of this subject.
The set of bi-infinite configurations is denoted by S Z  ⋯S⨯ S⨯S⋯ and a metric d on S Z is defined as
where F(X) = X. If X is closed and F-invariant, then (X, F) or simply X is called a subsystem of F. For instance, let  denote a set of some finite strings over S, and Λ  Λ  is the set that consists of the bi-infinite configurations made up of all the strings in . Then, Λ  is a subsystem of S Z , σ, where  is said to be the determinative block system of Λ. For a closed invariant subset Λ ⊆ S Z , the subsystem (Λ, σ) or simply Λ is called a subshift of σ [27, 28] .
is a CA if and only if it is continuous and commutes with σ; that is, σ∘F  F∘σ, where σ is a left shift or right shift. Moreover, S Z , F is a compact dynamical system. By exploiting the mathematical definition of HCA rules, this section shows the symbolic dynamics of the gliders under the background of ether in the bi-infinite symbolic string space. For bi-infinite, onedimensional CAs, there exist a radius r ≥ 0 and a local rule
For ECAs, r  1 and S  0, 1. Each local rule of an ECA can be endowed with a Boolean function. For instance, the Boolean function of ECA rule 9 is expressed as
where x i ∈ S, ·, ⊕, and -denote AND, XOR, and NOT logical operations, respectively. The Boolean function of ECA rule 74 is expressed as
Consequently, the Boolean function of HCA9, 74 is induced as
For each glider, a particular subsystem can be captured by enumeration and computer programming. Then the key question is whether the function is topologically mixing and possesses the positive topological entropy on its subsystems. The dynamical analysis of all gliders in this paper is carried out and the results are listed in Table 4 . For clarity and convenience, one situation is discussed in detail in Proposition 1. 
, where In a nutshell, it is addressed that directed graph theory provides a powerful tool for studying such infinite strings. A fundamental method for constructing finite shifts starts with a finite directed graph and produces the collection of all bi-infinite walks (i.e., strings of edges) on the graph. A graph G consists of a finite set V  VG of vertices (or states) together with a finite set E  EG of edges. It is worth noting that Λ  1 can be described by a finite directed graph 
Further, the two-order subshift Λ ℬ of σ L is defined by As a matter of fact, it is easy to verify that D ij n > 0, n ≥ 141 for 1 ≤ i, j ≤ 44, so D is aperiodic. Thus, the subshift of finite type Λ  1 , σ L  is mixing, and F 6 (x) Λ  1 is also mixing. Furthermore, the topological entropy entF 6
where λ * is the maximum positive real root of
the characteristic equation of D. Thus, the following proposition can be obtained promptly. 
Glider Collisions in Hybrid Cellular Automaton Rules
It follows from [27, 28] that positive topological entropy implies chaos in the sense of Li-Yorke. Meanwhile, topological mixing is also an exceedingly complex property of dynamical systems. A system with the topologically mixing property has many chaotic properties in diverse senses. In particular, chaos in the sense of Li-Yorke can be deduced from positive topological entropy. Chaos in the sense of both Devaney and Li-Yorke can be deduced from topological mixing. In conclusion, the mathematical analysis presented provides the rigorous foundation for the following theorem. In order to describe the symbolic dynamics of all gliders in this paper in an unambiguous way, analogous results are listed in Table 4 , where column 2 displays the particular subsystems. Their corresponding decimal code sets of determinative systems  j , j  1, …52 are provided in Appendix C.
In addition, it is of interest that HCA9, 74 has practically unlimited chaotic subsystems, which is extrapolated for a pair of reasons. First, an increasing number of other gliders-the composite gliders especially-may be found via computer simulation. Second, different gliders of equal velocity can coexist independently in a spatiotemporal pattern. Then a multitude of corresponding subsystems will be captured for these combinations of gliders. Obviously, the dynamical behaviors of these subsystems are more complex than that of only a single glider.
Gliders in Other Hybrid Cellular Automaton Rules 3.
As the coarse-grained preprocessing, when we treat two adjacent cells as the new smallest unit, HCA9, 74 is transformed to a certain onedimensional uniform CA of four states and three neighbors. As the hybrid mechanism, it is necessary to note that the first cell of each unit shall begin with the odd sites. More precisely, let S   00, 01, 10, 11 be a new symbolic set, and S  Z is the space of bi-infinite configurations
where y, y ∈ S  Z and d  ( · , ·) is the metric on S. Then the block trans-formation B 〈2〉 is defined as If the HCA rules are composed of t ECA rules t ≥ 2, one interesting question is whether we can seek out some other HCA rules endowed with plentiful gliders. The HCA rules are denoted by HCA(θ 1 , θ 2 , … , θ t-1 , θ t ), where θ 1 , θ 2 , … , θ t imply the specific ECA rules. To this end, a generalization of the Boolean function F of the HCA rule is represented as
After introducing the extended space and distance, the block transformation B 〈t〉 can be defined as
It is demonstrated that the new uniform CA of 2 t states and three neighbors is topologically conjugate with the original HCA. In what follows, three HCA rules endowed with gliders and glider collisions are found. Several spatiotemporal patterns of HCA(θ 1 , θ 2 , θ 3 ) are also presented in Appendix A. HCA(3, 28, 74) 
Coding the Gliders of
3.1
Following Chua's classifications, ECA rule 28 belongs to the period-2 rules, and ECA rules 3 and 74 belong to the Bernoulli σ τ -shift rules. Figure 7 illustrates the spatiotemporal pattern of HCA3, 28, 74. The Boolean function of HCA3, 28, 74 is presented as We find 10 gliders and six guns, and their properties are listed in Table 5 . Figure 8 illustrates the spatiotemporal patterns of the gliders and guns. 
If each four-adjacent cell is regarded as a new smallest unit and the first cell of each unit begins with the sites of i mod 4 ≡ 1 in Figure 9 We find 14 types of gliders, whose detailed characterizations are listed in Table 6 . Figure 10 illustrates spatiotemporal patterns of the gliders. 
If each five-adjacent cell is regarded as a new smallest unit and the first cell of each unit begins with the sites of i mod 5 ≡ 1 in Figure�11 Its characterizations of 10 gliders are listed in Table 7 . Figure 12 illustrates spatiotemporal patterns of the gliders. 
Concluding Remarks 4.
By classifying and coding the gliders that have occurred frequently in HCA9, 74, we carry out the analysis of collisions between two original gliders (OGs) at a qualitative level. An interesting empirical obser-vation is that the OGs can be generated from collisions by themselves. In addition, it is the hybrid mechanism that gives rise to the new phenomena of long-reaction process and swerve, which are not discovered in elementary cellular automaton (ECA) rules 110 and 54. Through exploiting the mathematical definition of hybrid cellular automaton (HCA) rules, we focus our attention on the discussion of the symbolic dynamics of all gliders in this paper. In particular, the gliders are identified with distinct subsystems. The rule of HCA9, 74 possesses positive topological entropy in all subsystems and is topologically mixing in most subsystems. Moreover, because of the newly found gliders and different combinations of extant gliders, it is inferred that the chaotic subsystems will be captured ad infinitum in HCA9, 74. On the other hand, when the hybrid cellular automata (HCAs) are composed of more than two ECA rules, we also present three other HCA rules of rich gliders.
The Glider Factors of Original Gliders B.
If a glider has the period M, it has M different glider factors. For convenience, we only select a fixed glider factor for each glider. It is enough to obtain the five observations via the computer simulation in Section 2.2.
[a]  (0, 0, 0, 0, 1, 1, 0, 1, 1, 1, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 1, 0, 1, 1) b  (0, 0, 0, 0, 0, 0, 1, 1, 0, 1, 1, 1, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 1, 0, 1, 1) [c]  (0, 0, 0, 0, 0, 0, 1, 0, 1, 1) d  (0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 1, 0, 1, 1) [e]  (0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 1) f  (0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 1, 0, 1, 1) [g]  (0, 0, 1, 0, 1, 1, 1, 0, 0, 1, 0, 0, 0, 0, 0, 0, 1, 0, 1, 1 
